In protocols of distributed quantum information processing, a network of bilateral entanglement is a key resource for efficient communication and computation. We study a model, efficient both in finite and infinite Hilbert spaces, that performs entanglement distribution among the elements of a network without local control. In establishing the entangled channels, our setup requires only the proper preparation of a single elected element. We suggest a setup of electromechanical systems to realize our proposal.
The model
We consider N bosons (or modes) bn (n = 1, .., N ) described by the annihilation (creation) operatorŝ b n (b † n ) and an additional mode, labeled a, which we call the root. The bosons interact through the resonant couplings of the root to each bn. The satellite elements b n do not mutually interact. In the interaction picture, we consider the HamiltonianĤ
Gjâ †b j + h.c. (h = 1) with G j the real and time-independent couplings. For N = 1, the propagatorÛ (τ ) = exp[−iĤ I τ ] is similar to a beam-splitter superimposing mode a to b 1 . For N > 1, using the Lie algebra, we find thatÛ (τ ) can be decomposed aŝ
] is a beamsplitter operator and εj = cos −1 (gj+1/ϑj+1).
The interaction configuration. Here, the satellite elements are embodied by N independent bosons. The edges represents an interaction with the root
Effective interferometric settings
Teh formal decomposition ofÛ (τ ) can be immediately understood in terms of the following effective interferometer setting
Many configurations can be engineered by simply prearranging the coupling rates. For g i = g ∀i, the model is a XY -coupling which allows for 1 → N phase-covariant cloning.
If we prepare the root in (|0 + |α )a and ⊗ N i=1 |0 bi , an N + 1-mode GHZ state is created by this model. Even more interestingly, perfect quantum state transfer between two satellite modes can be performed, for N = 2. Indeed, the equivalent set-up becomes a limited Mach-Zehnder interferometer
Single excitation case
Consider the root in an initial state |1 a , the bj's being in ⊗ N j=1 |0 j (|n is an excitation-number state). The evolution of this initial state is captured by considering a fictitious collective mode of its anni-
. This entangled state of N + 1 modes can be pictorially described by permutation-invariant entanglement graphs corresponding to physical states of the network.
The reduced density matrix of the pair bi, bj (∀ i, j), in the basis {|00 , |01 , |10 , |11 } bibj and for any chosen pair, the density matrix reads
where i < j and we introduced G jN = g j sin ϑ N /ϑ N . The entanglement of this mixed state can be quantified by the concurrence as C N = max{0, 2G iN G jN }.
It is also useful to consider the entanglement measure based on negativity of partial transposition (NPT)
CN and N P TN are optimized at ϑN = (2k + 1)π/2. Using the Lagrange's method of indeterminate multipliers, we find that C N and N P T N are maximized for g j = g (∀j) giving
CN,max is the upper bound for the concurrence in an N -party system so that our model is optimal under the point of view of pairwise entanglement distribution. For equal g j , the ρ ij are all equal and we have |10..0 ab1..bN → (cos ϑ N |1, 0..0 − i sin ϑ N |0, W N ) ab1..bN .
We have introduced the N -particle W -state
that is the state achieving CN,max. Thus, the maximum concurrence between any pair of b j 's is found when the root is separable from the rest of the network. When N P T N = 0, the N + 1 modes are all separable. The network periodically evolves from a separable state to a configuration in which the root is factorized from the rest of the network (corresponding to the situation in which CN = 2/N ). In between, an entangled state of N + 1 particles is obtained. In our model, the bosonic nature of the register allows for this result without local control on the satellite elements or the root.
Continuous variable case
Our linear interaction maps a Gaussian state to a Gaussian state. For states in this class, necessary and sufficient conditions for the entanglement are well-known. Thus, we consider only a Gaussian state here. An N -partite Gaussian state is fully characterized by the knowledge of its 2N × 2N variance matrix
T is the vector of the quadratures. To characterize the state of our N +1 bosons, we need the variance matrix of their joint state afterÛ (τ ). In phase space, the action ofÛ (τ ) on x is such that V = T T VT is the new variance matrix. Here, T is the unitary matrix
where
2 N ] with δ nm the Kronecker delta. We take g j = g, V b1..bN = ⊕ N j=1 1l 2bj ) and a in a squeezed state (squeezing parameter r). We get
No dependence on the indices i, j exists. The form of V bibj allows us to quantify the entanglement between any two modes as
which is plotted against the dimension of the network N and the effective coupling g. We have found that, for N = 2 and ϑ2 = (2k + 1)π/2, the state of two satellite modes is locally equivalent to a two-mode squeezed vacuum. The state is thus pure and this implies the separability of a from b1 + b2. Furthermore, using the biseparability condition for a boson from a group of N others we have seen that, at geven, there is no entanglement between a and b1 + b2.
Possible setups
• Individual ensembles of neutral atoms simultaneously interacting with a photonic bus
• Bidimensional arrays of electrically coupled nano-electromechanical oscillators
